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Abstract
We consider within a generalized QCD factorization approach, the high energy
inclusive polarized process pp → pi + X, including all intrinsic partonic motions.
Several new spin and k⊥-dependent soft functions appear and contribute to cross
sections and spin asymmetries. We present here formal expressions for transverse
single spin asymmetries and double longitudinal ones. The transverse single spin
asymmetry, AN , is considered in detail, and all contributions are evaluated numer-
ically. It is shown that the azimuthal phase integrations strongly suppress most
contributions, leaving at work mainly the Sivers effect.
1 Introduction and formalism
In the last years we have developed an approach to study inclusive pion production in
(un)polarized hadronic collisions, at high energies and moderately large pT [1, 2, 3]. In our
approach we take into account the parton intrinsic motion, k⊥, in the partonic distribution
functions (PDF’s), in the fragmentation sector (FF) and in the elementary scattering
processes allowing for a full non collinear kinematics. In writing cross sections we adopt
a generalization of the QCD factorization scheme. However, at present, a factorized
formula for inclusive hadron production processes, with the inclusion of k⊥-effects, has to
be considered as a reasonable phenomenological model, since a corresponding factorization
theorem has not been proved yet.
Let us consider the process (A, SA) + (B, SB)→ C +X , where A and B are two spin
one-half hadrons in a pure polarization state, denoted respectively by SA and SB. The
cross section for this process can be given at leading order (LO) as a convolution of all
possible elementary hard scattering processes, ab→ cd, with soft, leading twist, spin and
k⊥-dependent PDF’s and FF’s, namely:
dσ(A,SA)+(B,SB)→C+X =
∑
a,b,c,d,{λ}
ρ
a/A,SA
λa,λ
′
a
fˆa/A,SA(xa,k⊥a)⊗ ρb/B,SBλ
b
,λ′
b
fˆb/B,SB(xb,k⊥b)
⊗ Mˆλc,λd;λa,λb Mˆ∗λ′c,λd;λ′a,λ′b ⊗ Dˆ
C
λc,λ
′
c
(z,k⊥C) . (1)
∗Talk delivered by S. Melis at the “XI Workshop on High Energy Spin Physics”, SPIN 05, September
27 - October 1, 2005, Dubna, Russia.
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The notation {λ} implies a sum over all helicity indices, while a, b, c, d stand for a
sum over all partonic contributions. ρ
a/A,SA
λa,λ
′
a
and ρ
b/B,SB
λ
b
,λ′
b
are the helicity density matrices
for parton a and b respectively, describing the polarization state of partons inside parent
hadrons. We denote by fˆa/A,SA(xa,k⊥a) the PDF of parton a inside hadron A, similarly
for parton b. The elementary scattering process is described by means of the helicity
amplitudes Mˆλc,λd;λa,λb to be computed in the hadron c.m. frame. Due to the non collinear
partonic configuration, their expressions do not coincide anymore with the well known
helicity amplitudes calculated in the usual canonical partonic c.m frame, denoted by
Mˆ0λc,λd;λa,λb. In fact, contrary to the collinear configuration case, the hadronic production
plane does not coincide with the partonic scattering plane. The amplitudes Mˆλc,λd;λa,λb can
be computed from the Mˆ0λc,λd;λa,λb ones by means of the Lorentz transformation connecting
the partonic c.m frame to the hadronic one; this involves complicated azimuthal phases,
denoted by ϕi, which depend in a highly non trivial way on all kinematical variables
of the convolution integral in Eq. (1) [2]. For massless partons there are at most three
independent helicity amplitudes for each partonic subprocess:
Mˆ++;++ = Mˆ
0
++;++ e
iϕ1 ≡ Mˆ01 eiϕ1 Mˆ−+;−+ = Mˆ0−+;−+ eiϕ2 ≡ Mˆ02 eiϕ2
Mˆ−+;+− = Mˆ
0
−+;+− e
iϕ3 ≡ Mˆ03 eiϕ3 , (2)
where the phases ϕi (i = 1, 2, 3) also depend on the helicity indices. Finally, Dˆ
C
λc,λ
′
c
(z,k⊥C)
is the product of the soft helicity fragmentation amplitudes for the process c → C +X .
It can be shown that DˆC/c(z, k⊥C) ≡ DC++(z, k⊥C) = DC−−(z, k⊥C) corresponds to the
usual unpolarized k⊥-dependent FF, while ∆
NDˆC/c↑(z, k⊥C) ≡ 2ImDC+−(z, k⊥C) is related
to the Collins function. On-shell gluons cannot be transversely spin polarized; therefore
there is not a gluon Collins function. However one can define a “Collins-like” function for
gluons: ∆NDˆC/T g
1
(z, k⊥C) ≡ 2ReDC+−(z, k⊥C), related to the fragmentation of a linearly
polarized gluon into an unpolarized hadron.
Eq. (1) contains all possible combinations of spin and k⊥-dependent PDF’s/FF’s. In
order to give a partonic interpretation of the spin and k⊥-dependent PDF’s, we consider
in detail the explicit expressions for the quark and gluon helicity density matrices.
2 Spin and k⊥-dependent PDF’s
Let us first consider a quark parton a. Its helicity density matrix can be written in terms
of its polarization vector components, P ai , as given in its helicity frame. We can write:
ρ
a/A,SA
λa,λ
′
a
fˆa/A,SA(xa,k⊥a) =
1
2
(
1 + P az P
a
x − iP ay
P ax + iP
a
y 1− P az
)
fˆa/A,SA(xa,k⊥a) . (3)
For a given polarization state of hadron A we can define the following functions:
P ai fˆa/A,SZ (xa,k⊥a) = ∆fˆ
a
si/SZ
= fˆasi/+ − fˆa−si/+ ≡ ∆fˆasi/+(xa,k⊥a) (4)
P ai fˆa/A,SY (xa,k⊥a) = ∆fˆ
a
si/SY
= fˆasi/↑ − fˆa−si/↑ ≡ ∆fˆasi/↑(xa,k⊥a) (5)
fˆa/A,SY (xa,k⊥a) = fˆa/A(xa,k⊥a) +
1
2
∆fˆa/SY (xa,k⊥a) , (6)
2
where SZ and SY denote respectively the direction of hadron A polarization in its helic-
ity frame. At LO, ∆fˆasi/+(xa,k⊥a) and ∆fˆ
a
si/↑
(xa,k⊥a) can be easily interpreted as the
number density of partons, polarized along the i-direction (in the parton helicity frame),
inside respectively a longitudinally or transversely polarized hadron. fˆa/A,SY (xa,k⊥a) is
related to unpolarized partons and can be split into two PDF’s: the usual k⊥-dependent
unpolarized PDF and the Sivers function. The latter can be interpreted as the probability
to find an unpolarized parton inside a transversely polarized hadron. Moreover also the
function ∆fˆasy/SY (xa,k⊥a) can be split into two terms:
∆fˆasy/SY (xa,k⊥a) = ∆fˆ
a
sy/A(xa, k⊥a) + ∆
−fˆasy/SY (xa,k⊥a) (7)
∆−fˆasy/SY (xa,k⊥a) ≡
1
2
[
∆fˆasy/↑(xa,k⊥a)−∆fˆasy/↓(xa,k⊥a)
]
.
∆fˆasy/A(xa, k⊥a) is the Boer-Mulders function which gives the probability to find a trans-
versely polarized quark inside an unpolarized hadron, whereas ∆−fˆasy/SY (xa,k⊥a) is related
to the transversity function (see Appendix B of Ref. [3])
We can also write the analogue of Eq. (3) for gluon partons:
ρ
a/A,SA
λa,λ
′
a
fˆa/A,SA(xa,k⊥a) =
1
2
(
1 + P gz T g1 − iT g2
T g1 + iT g2 1− P gz
)
fˆa/A,SA(xa,k⊥a) , (8)
where T g1 and T g2 are related to the Stokes parameters for linearly polarized gluons.
Similarly to the quark case we can define the functions:
T g1 fˆg/A,SY (xa,k⊥a) ≡ ∆fˆ gT1/↑(xa,k⊥a) T g2 fˆg/A,SY (xa,k⊥a) ≡ ∆fˆ gT2/↑(xa,k⊥a) (9)
T g1 fˆg/A,SZ(xa,k⊥a) ≡ ∆fˆ gT1/+(xa,k⊥a) T g2 fˆg/A,SZ(xa,k⊥a) ≡ ∆fˆ gT2/+(xa,k⊥a) (10)
P gz fˆg/A,SY (xa,k⊥a) ≡ ∆fˆ gsz/↑(xa,k⊥a) P gz fˆg/A,SZ(xa,k⊥a) ≡ ∆fˆ gsz/+(xa,k⊥a) . (11)
Eqs. (9) and (10) are related respectively to the probability to find linearly polarized
gluons inside a transversely or longitudinally polarized hadron A. Eq. (6) holds also for
unpolarized gluons. Furthermore, in analogy to Eq. (7) we can write:
∆fˆ gT1/↑(xa,k⊥a) = ∆fˆ
g
T1/A
(xa, k⊥a) + ∆
−fˆ
g
T1/↑
(xa,k⊥a) (12)
∆−fˆ gT1/↑(xa,k⊥a) =
1
2
[
∆fˆ gT1/↑(xa,k⊥a)−∆fˆ gT1/↓(xa,k⊥a)
]
,
where ∆fˆ gT1/A(xa, k⊥a) is the analogue of the Boer-Mulders function and is related to
linearly polarized gluons inside an unpolarized hadron. ∆−fˆ gT1/↑ is the analogue of the
transversity and is related to linearly polarized gluons inside a transversely polarized
hadron.
3 Spin Asymmetries
From Eq. (1) and using the PDF’s defined in Sec. 2, we can calculate unpolarized cross
sections, single (SSA) and double (DSA) spin asymmetries. As an application, we consider
the numerator of the transverse SSA for the process A↑B → C +X , limiting ourselves to
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show the results only for two partonic subprocesses: qaqb → qcqd and gagb → gcgd. For
the qaqb → qcqd contribution we have:
[dσ(A↑B → C +X)− dσ(A↓B → C +X)]qaqb→qcqd ∝
1
2
∆fˆa/A↑(xa,k⊥a) fˆb/B(xb, k⊥b)
[
|Mˆ01 |2 + |Mˆ02 |2 + |Mˆ03 |2
]
DˆC/c(z, k⊥C)
+ 2
[
∆−fˆasy/↑(xa,k⊥a) cos(ϕ3 − ϕ2)−∆fˆasx/↑(xa,k⊥a) sin(ϕ3 − ϕ2)
]
×∆fˆ bsy/B(xb,k⊥b) Mˆ02 Mˆ03 DˆC/c(z, k⊥C)
+
[
∆−fˆasy/↑(xa,k⊥a) cos(ϕ1 − ϕ2 + φHC )−∆fˆasx/↑(xa,k⊥a) sin(ϕ1 − ϕ2 + φHC )
]
× fˆb/B(xb, k⊥b) Mˆ01 Mˆ02 ∆NDˆC/c↑(z, k⊥C) (13)
+
1
2
∆fˆa/A↑(xa,k⊥a)∆fˆ
b
sy/B(xb,k⊥b) Mˆ
0
1 Mˆ
0
3 ∆
NDˆC/c↑(z, k⊥C) cos(ϕ1 − ϕ3 + φHC ) ,
whereas for the gagb → gcgd contribution we have:
[dσ(A↑B → C +X)− dσ(A↓B → C +X)]gagb→gcgd ∝
1
2
∆fˆg/A↑(xa,k⊥a) fˆg/B(xb, k⊥b)
[
|Mˆ01 |2 + |Mˆ02 |2 + |Mˆ03 |2
]
DˆC/g(z, k⊥C)
+ 2
[
∆−fˆ gT1/↑(xa,k⊥a) cos(ϕ3 − ϕ2) + ∆fˆ gT2/↑(xa,k⊥a) sin(ϕ3 − ϕ2)
]
×∆fˆ gT1/B(xb,k⊥b) Mˆ02 Mˆ03 DˆC/g(z, k⊥C)
+
[
∆−fˆ gT1/↑(xa,k⊥a) cos(ϕ1 − ϕ2 + 2φHC ) + ∆fˆ gT2/↑(xa,k⊥a) sin(ϕ1 − ϕ2 + 2φHC )
]
× fˆg/B(xb, k⊥b) Mˆ01 Mˆ02 ∆NDˆC/T g1 (z, k⊥C) (14)
+
1
2
∆fˆg/A↑(xa,k⊥a)∆fˆ
g
T1/B
(xb,k⊥b) Mˆ
0
1 Mˆ
0
3 ∆
NDˆC/T g
1
(z, k⊥C) cos(ϕ1 − ϕ3 + 2φHC ) .
Let us briefly comment on Eqs. (13) and (14). There are four terms contributing to
the numerator of the transverse SSA: the Sivers contribution (1st term); the transversity
(“transversity like”in Eq. (14)) ⊗ Boer-Mulders (“like”) contribution (2nd term); the
transversity (“like”) ⊗ Collins (“like”) contribution (3rd term); the Sivers ⊗ Boer-Mulders
(“like”) ⊗ Collins (“like”) contribution (4th term). The term “like” is referred to those
functions in Eq. (14), presented in Sec. 2, which are related to linearly polarized gluons
and are the analogues of those for transversely polarized quarks in Eq. (13).
We have performed a numerical evaluation of the maximal contribution of each (un-
known) term appearing in Eqs. (13) and (14) for the transverse SSA in p↑p → pi + X .
To this purpose, we saturate the positivity bounds for the Sivers and Collins functions
and replace all other spin and k⊥-dependent PDF’s with the corresponding unpolarized
ones. We sum all possible contributions with the same sign. We assume a Gaussian k⊥
dependence for PDF’s with 〈k2⊥〉1/2 = 0.8 GeV/c while for FF’s 〈k2⊥C(z)〉1/2 is taken as
in Ref. [1]. For the unpolarized PDF’s and FF we adopt the MRST01 [5] and KKP [6]
sets. For more detail see Refs. [1, 3]. As an example, we consider here the evaluation
of several contributions for the process pp → pi+ + X in the E704 kinematical regime,√
s = 19.4 GeV and pT = 1.5 GeV/c, Fig. 1. We can see that the Sivers effect is the dom-
inant contribution. The second most relevant contribution is the transversity ⊗ Collins
contribution. All other contributions give asymmetries compatible with zero. Such a
result can be understood by looking for instance at Eqs. (13) and (14). All contributions
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are coupled with complicate non trivial azimuthal phases. Under phase space integration
these azimuthal phases kinematically suppress some contributions. Notice that from our
calculations the Sivers effect alone can explain, in principle, the observed SSA while the
Collins effect cannot. Our approach applies also to DSA. Let us consider as an example
the qaqb → qcqd contribution to the longitudinal DSA, ALL:
[dσ(A+B+ → C +X)− dσ(A+B− → C +X)]qaqb→qcqd ∝
∆fˆasz/+(xa, k⊥a)∆fˆ
b
sz/+(xb, k⊥b)
[
|Mˆ01 |2 − |Mˆ02 |2 − |Mˆ03 |2
]
DˆC/c(z, k⊥C)
+ 2∆fˆ bsx/+(xb, k⊥b)Mˆ
0
2 Mˆ
0
3 DˆC/c(z, k⊥C)×[
∆fˆasx/+(xa, k⊥a) cos(ϕ3 − ϕ2) + ∆fˆasy/A(xa, k⊥a) sin(ϕ3 − ϕ2)
]
(15)
− fˆa/A(xa, k⊥a)∆fˆ bsx/+(xb, k⊥b) Mˆ01 Mˆ03 sin(ϕ1 − ϕ3 + φHC )∆NDˆC/c↑(z, k⊥C) .
Figure 1. Different maximized contri-
butions to AN , for the process p
↑p →
pi+X and E704 kinematics, plotted as
a function of xF . The different curves
correspond to: solid line= quark Sivers
mechanism; dashed line = gluon Sivers
mechanism; dotted line = transversity
⊗ Collins. All other contributions are
much smaller.
The 2nd line of Eq. (15) corresponds to the
usual contribution coming from the helicity PDF’s.
The other terms come from contributions of com-
binations of transversely polarized quarks both in
the PDF/FF sectors. Similarly for gluon channels
with contributions of linearly polarized gluons.
Our formalism can also be applied to the study
of inclusive Λ production in hadronic collisions,
Drell-Yan and SIDIS processes [4]. As a further
application, a numerical evaluation of maximal con-
tribution to ALL is in progress.
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